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Abstract
In this paper, we derive the cycle index formula of an affine(p) group acting on the p elements of
the field Z,.The resulting cycle index is given

p_—l
as;,Zcx) = I?ll <tf + (- Dty +p Xajp-1) O(d)t,t >.Wefurther express the resulting cycle in
d#1

terms of the cycle index formula ofC, = {x + bwhereb € Zp} and the cycle index formula of

Cp-1= {ax where 0 #a € Zp} which the affine(p) group is a semi-direct product of. We also
use the resulting cycle index formulas to solve some examples.
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1. Introduction

A geometrical substructure of the Euclidean space which generalizes some of the properties of the
Euclidean space such that it’s independent of the concepts of distance and measure of angles but
maintains the properties related to parallelism and ratio of lengths for parallel line segments is
referred to as an affine space.An affine transformation is a function from an affine space to another
affine space which preserves points, straight lines and planes.

The set of all invertible affine transformations from an affine space onto itself form a group G over
an affine space called the affine group. The set €, = {x + b where b € Zp} (translations) form a
normal cyclic subgroup of the affine group under addition of orderp, the set
Cp_q = {ax where 0 # a € Zp] form a cyclic group under multiplication and the affine group is a
semi direct of the two.

In this case the Affine (p) group can be written as Af f(p) = C, X C,_; since the Affine(p) group
is a semi direct product of the two subgroups.

2. preliminary results
Definition 2.1
If a finite group G acts on a set X, |X| = n, and g € G has cycle type (a4, a3, ..., a,), we define the

monomial of g to be mon(g) = t;t;%...t,",where ty,t,,..., t, are distinct
Definition 2.2
The cycle index of the action of G on X is the polynomial (say over the rational field Q) in
. 1
ti, ty, ..., t, given by; 2(G)=Z; (t),1,,..1,) = |E Z{mon(g)},
geG
Note that if G has conjugacy classes K, K5, ..., K, with g; € K; then Z(G) = ﬁZ|Ki|mon(gi)
i=l1

.Definition 2.3
A group G is said to be a semi-direct product group of N by H if;
1) N<GandH <G
i) NNnH = {e}
i) NH=G
and we symbolically express thisas G = N X H.

Theorem 2.1
The Mobius function of any n € N is given by,
—1 if nis asquare free with an odd number of prime factors
u(n) =14 0 ifnhasasquared prime factor
1 ifnisasquare free with an even number of prime factors
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Theorem 2.2
Let x be a permutation with cycle type a, ay, @3, ..., a, then:
(1) The number m(x') of cycles of length one in x! is Xipla;

i) o= %Z it (xl) u(i) where u is the Mobius function.

(i)
3. Main Results
Theorem 3.1
Let p be a prime, the cycle index formula of the affine(p) group acting on the p elements of Z,, is
given by;
1(.p pT_l
Zx) = E(tl +(@—-Dt, + P2d|‘(i;;—11) d(d)tqt, )

Where|G| = p(p — 1), @(d) is the Euler’s phi function and X the p elements of the Z,, group.

Proof

The elements of the Af f (p) group are partitioned into /, T (the set of elements that fix one element
on the fieldZ,) and 7, (the set of elements that do not fix any element of Z,,). To derive the cycle
index formula we need to find the number of 7 and 7; elements and the respective cycle types.
Let g € 74, then C;(g) = Cp—q

-1
Sle =20 =p 311

Where CY is the conjugacy class in G containing g.
Let g € 79, then C;(g) = G,

:>|C9|=%=p—1

Ng (Cp_l) = Cp—1 Implying there are p((pp_—ll)) = p conjugate cyclic groups C,_; inG.
These cyclic groups intersect only at the identity thus;
[Tl = —=2)p 3.1.3

We find the number of 74 elements by subtracting the number of 7; elements and the identity from
the order of G.

|tol = [p(p — 1) — (p — 2)p — 1] = p — 1=|CY| by 3.1.2 implying all elements in Tyare conjugate
in G and are of order p.

Therefore;

Z@x) =

% (t? + (p — 1). monomial of an element in Ty +

p(sumation of all monomials of the nontrivial elements in cyclic subgroups Cp—1)
. 1

ieZigx) = el (tf + (@ —1).mon(x)+p 2 gecy 1\ mon(g)) ....... 3.14
Where x € 14

l
The number «; of cycles of length [ is given by, a; = %Zi” T (gf) u(i) (Kamuti 1992)

Letx € 7y, then(x) = 0
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It follows that m(xP) = p andifl < p, w(x!) =0

Now if 0 < [ < p then,
1 l 1
=7y m(x)u@® =7 0u® =0
il i

1 n o1 1 p
a, = —Zﬂ<xi>u(1) =—[n(xP) ()] =—[p-0]=—-=1
p T p p p
The resulting monomial is t,, ... 3.1.5

Ifg € 1y, thennt(g) = 1, n(g%) = S and m(g") = 1whenl <d

l
a = %Zi” T (g?> u(i) = %Zi”(l) u(i) = %Zi”u(i) = 0 (From the definition of the Mobius

function)

au=5 2 7(g")u =2 |ntg + Y 7(g%) ud - ()| = 2 g™ = n@)] = g lp 1]

ild ild

p—1
Thus the resulting monomial is t,t,* ... 3.1.6

Substituting for mon(x) (equation 3.1.5) and mon(g) (equation 3.1.6) in equation 3.1.4 we get;

p-1
Zix) = Ifll ti+(p@—-Dty+p Z B(d)tyt,
1£d[(p-1)
Example 3.1.1
Letp =17, |G| = 272
Possible values of d are; 2, 4, 8 and 16
0(2)=1,0(4) =2,0(8) =4,and 0(16) = 8
Substituting in theorem 3.1.1 we have;

1
ZasFanx) = ﬁ(t%7 + 16ty; + 17t,t8 + 34t,t4 + 68t,t2 + 136t,t1¢)

Expressing the cycle index of the Affine(p) group in terms of the cycle index of the cyclic
groups C, and Cp,_4
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The equation in theorem 3.1.1 can be simplified as;

p-1
— 1
Zix) = 1)( +@—-Dt (Ptf + P Y1zap-1) DDt t,° > ~ oD ty

p-1
__1 p a 1 .p
T (-1 Z(Cp 0t o (r-1) (tl + z:lqtdl(zo—l) Q)(d)tltdd ) ) 4

1 .p
" - 1)Z(CPX) T2 "ot

1

|Cp 1|Z(Cp X) + Z(Cp 1x) mz(l'){) ................. 317

Example 3.1.2

Letp = 11then G is Aff(11) and X = {0,1,2,3,4,5,6,7,8,9,10} and

10
Zx) = <t1 + 10t31 + 11 X 124)10 O(d)ty L] ) from 3.1.1

Which can be simplified as

1 10 1
(1! + 10ty,) + —— | 1181 + 11 Z d(d)tt] | — =it

1
Ziox) = ———
@X ™ 11(10) 11(10) e 10

1 1 .11
RZ(Cn,X) + Z(C10:X) T 4

1 1
EZ(ClllX) + Z(C10'X) - EZ(LX) from 317
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